important yet commonly overlooked phenomenon in terahertz (THz) reflection spectroscopy is the etalon effect-interference caused by multiple reflections from dielectric layers. Material layers are present in many THz applications from the monitoring of pharmaceutical tablet coating thickness to the detection of drugs, explosives, or other contraband concealed beneath layers of packaging and/or clothing. This paper focuses on the development and implementation of a model-based material parameter estimation technique, primarily for use in reflection mode THz spectroscopy that takes the etalon effect into account. The technique is adapted from techniques developed for transmission spectroscopy of thin samples and includes a priori information; namely, the assumption that a material's complex refractive index behaves consistently with the Lorentz dispersion model. The inclusion of the multiple returns provides additional information about the material and its structure, alleviating the need for short time windows in the fast Fourier transform (FFT) processing, which can limit spectral resolution. In addition, the parametrization of the material's dielectric function offers the potential for material classification based on these estimated dispersion model parameters. The parametric model-based method is validated by comparison with results from a conventional, non-parametric method applied to transmission mode data before being applied to reflection mode data for further validation with transmission mode results. Tests are also conducted to evaluate the parametric technique's robustness against measurement noise and ambiguity in sample thickness.
The growing interest in THz technology is largely due to the combination of properties exhibited by THz radiation. Like in the infrared band, many materials have unique absorption spectra in the THz band, facilitating the spectroscopic "fingerprinting" of compounds such as drugs and explosives [1] , [2] . In addition, non-polar materials such as clothing, paper, and plastic are transparent to THz, just as they are to microwaves and millimeter waves. While many technical challenges still remain, the unique properties of THz waves make the technology well-suited for nondestructive evaluation as well as security screenings of mail or luggage and passengers in airports.
THz spectral features are detectable in both transmission mode (in which THz radiation propagates through a target sample) and reflection mode (in which THz radiation is reflected off of a target). Absorption spectra are most often obtained using transmission measurements, usually with carefully prepared samples in controlled laboratory settings. However, most real-world targets (such as the human body in the case of security screenings) are opaque to THz waves, necessitating the use of reflection measurements for standoff detection.
While some recent work has investigated the influence of rough surface and volume scattering on THz reflection spectra [3] , [4] , the bulk of the work on THz reflection spectroscopy has been carried out assuming the samples are homogeneous with smooth planar boundaries and are optically thick enough that reflected pulses do not overlap in time and can therefore be treated separately [5] [6] [7] . If the sample is too thin, the resulting returns may not be separable or may be so close together that narrow time windows-which limit spectral resolution in the resulting fast Fourier transform (FFT) spectrum-are necessary to isolate the returned pulses from one another. When multiple returns are present in a FFT window, interference patterns in the observed spectra result due to the Fabry-Pérot or etalon effect. In the field of THz spectroscopy, the etalon effect has been treated primarily in the literature on material parameter estimation from transmission measurements of thin samples [8] [9] [10] [11] [12] [13] . In this situation, the boundaries of the thin sample produce separate returns; the first transmitted pulse is followed in the time domain by multiple pulses reflected within the sample.
The basic approach outlined in those works involved constructing a theoretical model that incorporates the etalon effect and then solving the inverse problem using a numerical algorithm to find complex refractive index values that fit the measured data to the model. Incorporating the etalon effect into the model ties the lower limit of sample thickness to the measurement system's SNR-limited bandwidth, rather than the time delay of the first echo pulse [12] . The inverse problem is typically solved in a non-parametric fashion, in which the number of complex refractive index data points is equal to the number of measured frequency domain data points. Problems arise using this method due to the large solution space caused by ambiguity in the phase of the measured and modeled data and other factors [8] . These difficulties associated with non-parametric modelbased techniques suggest a parametric model-based technique which incorporates a priori information-the assumption that the complex refractive index behaves consistently with a dispersion model-may be preferable.
A parametric technique was recently developed for use in transmission mode measurements and was applied to materials with singular absorption features [14] . In contrast, the work presented in this paper focuses on the development of a parametric technique primarily for use in reflection mode measurements of materials with multiple absorption features, such as pentaerythritol tetranitrate (PETN), cyclotrimethylenetrinitramine (RDX), and other military-grade explosives [1] , [2] . In this method, the complex refractive index is parametrized using the Lorentz dispersion model, allowing the absorption fingerprints to be described by a relatively small number of parameters that specify the number of absorption peaks, their individual strengths, spectral locations, and spectral widths. This parametrization simplifies the inversion process, increasing efficiency and robustness against the influence of measurement noise as well as error in assumed sample thickness. It also provides a concise description of a material's absorption features for the purpose of material classification. As reflection mode is more important for practical applications, it is emphasized over transmission mode.
The following section lays the theoretical groundwork for the model-based approach by briefly introducing the Lorentz model from classical dispersion theory as well as effective reflection and transmission coefficients from thin dielectric layers. Section III describes a conventional parametric method of determining a material's complex refractive index from transmission and reflection mode data before introducing the model-based approach. Section IV validates results of the parametric method by comparison to results from the conventional method applied to the same transmission mode data set. Results of the parametric method applied in transmission mode are then compared to parametric method results from reflection mode data of the same sample. In Section V, synthetic data are used to evaluate the parametric method's performance in the presence of varying levels of measurement noise. Finally, the ability of the parametric method to estimate the sample thickness, as well as the sample's Lorentz parameters, is investigated.
II. THEORETICAL MODEL
As discussed previously, materials of interest such as drugs and explosives can have characteristic absorption spectra in the THz band. These spectra arise from the excitation of molecular vibrational modes. This section introduces the Lorentz model, a classical model of the fluctuations in a material's complex refractive index due to such vibrational modes. Mathematical descriptions of wave interactions with layered materials are are then presented.
A. Lorentz Dispersion Model
The Lorentz oscillator model of classical dispersion theory is often used to describe a material's dielectric constant in the THz regime [15] [16] [17] . In this model, a medium is described as being composed of atoms that act as atomic dipole (Lorentz) oscillators. The material's spectral absorption lines are then described as uncoupled resonant modes of these oscillators [18] . The resulting expression (1) is a description of the frequency dependent dielectric constant of a material with molecular resonant modes in terms of parameters:
dielectric constant in the high frequency limit; frequency of the th molecular resonant mode; change in relative permittivity due to the th molecular resonant mode, equivalent to the strength of the mode; th damping coefficient which determines the full width at half maximum of the th resonant mode. The frequency-dependent complex refractive index for nonmagnetic media can be calculated from the dielectric constant using the following relationship:
As (2) implies, since is a complex number, is also a complex number, (3) with being the real refractive index and being the extinction coefficient. For the specific case of a complex refractive index calculated using the (1) and (2), the superscript " " (for Lorentz dispersion model) will be used, as in (4) where the vector of Lorentz parameters is defined as
B. Waves in Layered Media
A plane wave with amplitude propagating through a semi-infinite half space of air with refractive index (medium 0) before impinging at normal incidence on a layer of thickness with refractive index (medium 1) is depicted in Fig. 1 . Behind the layer lies a semi-infinite half space of background medium with refractive index (medium 2). All interfaces between layers are assumed to be planar and parallel and all media are assumed to homogeneous, isotropic, and nonmagnetic . Upon encountering the boundary at normal incidence, a portion of the incident wave is reflected while the remainder is transmitted. The transmitted wave then encounters the back surface of the layer, where the wave is again split into transmitted and reflected portions. The reflected portion from the back surface then encounters the sample-air boundary and is again split. As the number of reflections within medium 1 increases, the total reflected field converges in a geometric series, resulting in an effective reflection coefficient [18] (6) for the composite medium, where is the wavenumber in medium 1 and is the speed of light in vacuum, respectively, and the Fresnel reflection coefficient (7) where or , corresponds to a wave reflected from medium back into medium . Similarly, the effective transmission coefficient can be expressed as [18] (8) while refers to the Fresnel transmission coefficient of the corresponding wave transmitted from medium into medium : (9) III. EXPERIMENTAL METHODOLOGY This section begins with a description of the measurement system used in this work followed by a description of the measurement procedure and the conventional non-parametric method used to estimate a sample's complex refractive index from transmission mode data. The measurement procedure for reflection mode spectroscopy is then presented and the adaptation of the non-parametric method for use with reflection mode data is briefly discussed before introducing the parametric method.
A. Terahertz Time Domain Spectroscopy
The Picometrix T-Ray 4000 is a commercially available timedomain spectroscopy (TDS) system. It produces short electromagnetic pulses with a rise time on the order of picoseconds, resulting in a 0.2-3 THz frequency spectrum with average power less than
. The amplitude of a detected pulse from a free space transmission measurement is shown in Fig. 2 along with its amplitude spectrum obtained by applying a FFT. Every 10 ms, the system records a new 4096-point time domain waveform with a sampling interval of 78.125 fs. The signal-to-noise ratio (SNR) is typically improved through coherent averaging of multiple waveforms.
The TDS system can be configured for either monostatic measurements (in which the transmitter and receiver are collocated) or bistatic measurements (in which the transmitter and receiver are separate). Transmission measurements necessitate a bistatic geometry with separate transmit and receive heads. For monostatic measurements, a collinear head is used. The collinear head employs a beam splitter so that a single lens can be used for transmitting and receiving. As a result, SNR is reduced by approximately 10 dB across the measurement band as compared to the separate transmit and receive heads. This also reduces the maximum detectable bandwidth from approximately 3 THz with the separate heads to approximately 2 THz with the collinear head, depending on the number of waveforms averaged. Measurements were carried out in a chamber filled with dry air to reduce the influence of absorption lines in the measured spectra due to ambient water vapor in the atmosphere. The average of 10 000 time dmain waveforms was used in both transmission and reflection measurements, resulting in a peak SNR at 0.3 THz of approximately 80 dB for transmission measurements and 70 dB for reflection measurements.
The beams in all transmission and reflection mode measurements presented in this work were focused onto the sample using 1.5 diameter high density polyethylene (HDPE) lenses with a 3 focal length. While the focused beam was not characterized completely, the depth of focus was calculated to be 10.2 mm assuming a Gaussian wavefront with a frequency of 0.3 THz (corresponding to the frequency component with the highest FFT amplitude) incident on the HDPE lens [19] . Plane wave illumination was therefore assumed in a manner consistent with the literature [2] , [8] , [9] , [11] [12] [13] , [16] , [20] , [21] .
B. Transmission Mode
As shown in Fig. 2(b) , the measurement system has a frequency dependent incident spectrum. As a calibration step, the measured spectrum from the sample is typically normalized by the spectrum from a reference measurement-a process often referred to as "deconvolution" [22] . Deconvolution provides a measured frequency spectrum relative to the system's frequency response, isolating the effect of the sample material on the received spectrum. The sample and reference measurements are illustrated in Fig. 3 . In the sample measurement shown in Fig. 3(a) , the incident wave [with spectrum shown in Fig. 2(b) ] passes through the sample with complex refractive index and thickness and is reflected within it as described in Section II-B. These multiple reflections are typically observed as multiple trailing pulses following a larger main pulse in the received time domain waveform. The wave also accumulates phase as it propagates a total distance through the air from the transmitter to the front surface of the sample and from the back surface of the sample to the receiver. This phase is represented by the complex exponential term, , where and are the wavenumber and refractive index in medium 0 (atmosphere), respectively.
An expression for the model of the deconvolved, transmitted field is given by (10) The subscript " " indicates the deconvolved transmission spectrum is computed using the theoretical model for in (10), whereas the subscript " " will indicate the deconvolved spectrum resulting from the FFT of the measured data. Since (10) is a nonlinear function of the material's complex refractive index , the inverse problem-determining from a transmitted spectrum-cannot be solved analytically and must instead be solved numerically.
In practice, is measured for a set of discrete frequency values. In a standard pulsed time-domain system, these (positive) discrete frequency values even odd (11) are determined by the system's sampling frequency and the number of time domain data points used in the time domain FFT window (including zero padding). This discretization defines the vector of discrete frequency values and corresponding discrete frequency domain data set . Information on the frequency-dependent complex refractive index is therefore limited to the set of measured frequencies in , resulting in the vector (12) Evaluating (10) at the frequencies in yields the vector (13) For the measured data sets presented in this paper and THz, resulting in a frequency resolution of 1.5625 GHz. The quotient of these values sets the upper limit of analyzable layer thickness while the SNR-limited pulse bandwidth sets the lower limit [12] (14)
The non-parametric method used in this paper incorporates the approach suggested in [10] , which uses a variation of the gradient descent algorithm from [23] to exploit the relationship between the real refractive index and the unwrapped phase of the measurement as well as the relationship between the magnitude of the measurement and the extinction coefficient . The travel of the THz pulse through the sample causes the first transmitted pulse to arrive later in time than the reference pulse, which travels the same distance through the air. This time delay results in a linear phase shift in the deconvolved transmission spectrum, the slope of which (with respect to frequency) is proportional to the difference between the optical path lengths through the sample and through the air. Localized variations in cause localized changes in the frequency dependent slope of the unwrapped phase. Similarly, localized changes in result in localized absorption observable in the magnitude of the transmitted spectrum.
The sample thickness and time delay between the reference pulse and the first transmitted pulse are first used to calculate an initial estimate of the real refractive index for all frequencies, while the initial estimate of the extinction coefficient is for all frequencies. This initial estimate of is then used in (13) to calculate the modeled transmission response . The difference in magnitude and unwrapped phase (designated by the symbol " ") between the measured data in and model calculations in at each frequency in are then calculated, resulting in the magnitude and phase error vectors, and , respectively
The vectors and are then used in a recursive update scheme, wherein the values of the refractive index and extinc-tion coefficient at the th iteration are updated for the th iteration using (15) according to (16) where is the update step size, a unit-less constant. A step size of yields good results [10] . The iterations continue until the squared error norm converges below an error threshold. The non-parametric nature of this method is indicated by the index in the real and imaginary parts of in (16): each measured data point has a corresponding value. The number of data points is, therefore, tied to the size of the measured data set.
A good estimate of the sample thickness is also required for this method. If the incorrect thickness is used, the resulting estimates of and exhibit oscillatory behavior with frequency [9] [10] [11] . The influence of these artifacts is quantified using a measure of the total variation in the estimated refractive index and extinction coefficient [10] , [11] . The total variation is determined by first calculating the set of absolute differences between adjacent material parameter values, given by (17) The total variation is simply the sum of these differences over frequency (18) The thickness is estimated by repeatedly estimating using (15) and (16) for a range of sample thickness values and calculating for each. The thickness that minimizes is then selected as the best estimate of the sample thickness. The vector of estimated refractive index values with the minimum total variation is the final result of the non-parametric method.
C. Reflection Mode
In a reflection mode measurement, a conductive metal mirror with reflection coefficient is used as the reference for deconvolution. The sample and reference measurements are illustrated in Fig. 4 . Ideally, the front surface of the reference mirror is placed exactly where the front surface of the sample was during measurement, resulting in a displacement error between the sample and reference. While it is possible to align the reference and sample such that
, it is quite difficult in practice. The deconvolved spectrum for the general case of nonzero depicted in Fig. 4 can be expressed as (19) where is given by (6) and is the distance from the transceiver to the front surface of the sample. As in Section III-B, discrete samples of measured reflection data (19) .
are taken at frequencies in indicated in (11) . Sampling (19) at frequencies in results in the vector (20) Unlike in transmission mode, the first received pulse has not penetrated the sample; only the trailing pulses are attenuated and shifted in phase by propagation through it. The linear phase shift due to the time delay between reference and sample pulses (represented in (19) by the complex exponential factor ) will therefore not be present in a properly aligned (with ) reflection measurement. The linear phase shifts resulting from alignment error (nonzero ) provide no useful information about the sample in reflection mode and only complicate the inversion process [24] . To correct for these linear phase shifts, the unwrapped phase is detrended using a linear least squares fit as a preprocessing step [5] : The positioning error is estimated from the slope of using the argument of the complex exponential term in (19) , (21) This estimate of the positioning error is then used in a phase correction factor which is applied to the measured data before further processing [5] .
The process would then proceed in a fashion similar to that from transmission mode; starting from the description of the measurement in (19) for the case of and using a numerical method to find the vector of complex refractive index values that minimizes the squared error norm between the model calculation and the measured and deconvolved reflection data over frequency. However, the lack of a linear phase shift in the corrected also gives rise to phase ambiguity, resulting in a large, multimodal solution space in the complex plane of and values at each frequency [8] , [10] . In addition, the relationship between and and the magnitude and phase, respectively, of a reflection measurement are not nearly as straightforward as those in transmission mode. These complications suggest an alternative approach-such as a parametric method-may be preferable.
D. Parametric Method
If some assumptions are made about the complex refractive index, i.e., that it can be described by a parametric dispersion model, such as the Lorentz model described in Section II-A, the problems of a multimodal solution space and a complicated relationship between and and the measured phase and magnitude can be mitigated. This method involves parameterizing using (1), the relationship (2), and calculating (10) or (19) (for the case of ) directly from the Lorentz parameters.
A similar approach was recently introduced which involved modeling the dispersion of a variety of samples with a variety of models, including Lorentz, Drude, Debye, and Cole-Cole [14] . In contrast to this paper, only materials with single resonant modes were discussed and only the case of transmission mode measurement was treated. A different objective function for fitting the model to the measured data was also used.
As described in Section II-A, the complex refractive index of a material with molecular resonant modes can be described concisely by Lorentz parameters using (1) and (2) . This implies the dependence of and can be substituted for a direct dependence on the vector in (5), resulting in alternate expressions for (10) and (4). Namely (22) for transmission mode and (23) for reflection mode, where the superscript " " indicates the models are parametrized using the Lorentz dispersion model. The estimation problem is then solved by finding the vector of Lorentz parameters that minimizes the squared error norm for transmission mode or for reflection mode, where and as before. In contrast to the non-parametric method in Section III-B, the complex refractive index is described completely by the resulting estimated Lorentz parameters in for transmission mode and for reflection mode. The minimization can be accomplished using any number of numerical optimization routines. The method of choice for this work was the Nelder-Mead algorithm [25] , [26] .
This parametric method can be applied to any material whose complex refractive index can be described with a simple dispersion model, i.e., with a few parameters. Since the scale of the numerical optimization problem is tied to the number of parameters, the number of material resonances may be a limiting factor in this approach. The parametric method should also be valid in the presence of rough surface and/or volume scattering as long as the returns are not dominated by diffuse scattered energy. Strong scattering effects may affect the variance of the measured spectra, necessitating multiple measurements [4] , [27] . 
IV. RESULTS
In this chapter, the parametric method from Section III-D is validated by comparison to the conventional, non-parametric technique described in Section III-B using THz-TDS data. The parametric inversion technique is then applied to reflection data from the same sample and compared with transmission results. Fig. 5 presents a flowchart outlining this process:
Step 1) The non-parametric method is used to estimate the complex refractive index of a sample from transmission mode data , resulting in the vector .
Step 2) The Lorentz model (1) is fit to , which yields the vector of Lorentz parameters. Using as the input to the Lorentz model yields . This step establishes how well the non-parametric result can be described by the Lorentz model and provides a set of baseline Lorentz parameters for comparison to the results of the parametric method.
Step 3) is used in the parametric method, resulting in the Lorentz parameter vector and corresponding refractive index .
Step 4) The parametric method is used to estimate the complex refractive index of the sample from reflection mode data , resulting in the Lorentz parameter vector . Using as the input to the Lorentz model yields . The procedure and results of Steps 1-3 are presented in Section IV-A. The procedure and results of Step 4 are then presented in Section IV-B.
A. Comparison of Non-Parametric and Parametric Techniques in Transmission
Transmission TDS measurements of a 13 mm diameter sample pellet of 10% (by weight) -lactose monohydrate in polyethylene (PE) powder [21] , [28] were carried out at normal incidence. Lactose was chosen as a sample material due to its sharp spectral features at 0.527, 1.19, and 1.378 THz [16] , [17] . The measurements were taken in dry air to minimize the influence of water vapor absorption lines on the measured spectra. A measurement with the sample was taken along with a reference measurement without the sample as described in Section III-B.
To get an accurate sample thickness for the non-parametric method, the sample was measured with a micrometer at three points along the outside edge and one point in the center, resulting in a thickness of mm. Using the non-parametric material parameter estimation technique described in Section III-B, (15) , and (16), were used to estimate for 101 equally spaced values of thickness in the range mm mm. The total variation was calculated for each assumed thickness using (18) . Results of these calculations are shown in Fig. 6 , indicating a minimum corresponding to mm. This thickness was assumed in all subsequent analysis.
The Lorentz model (1) was fit to in Step 2 in order to establish how well can be represented by the Lorentz model and to allow a more direct comparison of the performance of the parametric inversion method to the non-parametric method in terms of Lorentz parameters. The fitting was carried out by finding the Lorentz parameter vector that minimizes the squared error norm across frequency, where the vector (24) is the refractive index calculated from the Lorentz model shown in (4). The resulting vector (25) is the complex refractive index calculated from the Lorentz model (2) when is used as an input. The parametric method for transmission mode is applied in Step 3. The resulting refractive index vector is compared to and in Fig. 7 . The agreement is close enough that the curve of is almost indistinguishable from that of , both of which are in agreement with the results of the conventional method, . The close values show that the result of the conventional non-parametric estimate of the complex refractive index is described well by the Lorentz model and the parametric method in transmission yields consistent results. A total of five modes were used to fit the Lorentz model to ; the first three for the sharp lactose features, and two more to fit the gradual increase in attenuation with frequency [17] . The most relevant information for the purpose of spectroscopic material identification or classification of lactose are the Lorentz parameters of the lowest three resonances, . The difference in spectral location between the lowest three modes of and are all within 0.3 GHz. In terms of the spectral width, modes 1 and 3 (the two strongest modes) are within 1 GHz of each other. The relative resonant strengths of the two most prominent modes are also in agreement, differing by less than 3%.
Having established that the parametric method yields results consistent with the conventional non-parametric method in transmission mode, the parametric method used in the more practical case of reflection mode is now treated.
B. Comparison of Parametric Technique in Transmission and Reflection
Reflection measurements were conducted for the lactose sample used in Section IV-A at normal incidence with the collinear head in a dry air environment along with a reference measurement of a flat, polished conductive mirror as described in Section III-C. The first reflected pulse arrivals in the time domain waveforms of both reference and sample were aligned using a translation stage to reduce positioning error between the reference and sample. Fig. 8(a) shows the reference and sample waveforms in the time domain, while Fig. 8(b) shows the deconvolved reflectance spectrum along with arrows indicating spectral locations of lactose resonant modes. The standing wave pattern in Fig. 8(b) is due to the Fabry-Pérot reflections within the sample pellet, visible as trailing pulses in the sample waveform in Fig. 8(a) . The null spacing of approximately 69 GHz is consistent with expectations for a pellet with an approximate thickness of 1.42 mm and real refractive index of approximately 1.5. The standing wave pattern is also suppressed in the lactose absorption bands due to the increased attenuation within the pellet at those frequencies. While alignment of the reference and first reflected sample pulse in Fig. 8(a) suggests the sample and reference mirror were placed with very little displacement between them, the phase shown in Fig. 9 (top) shows a slight linear trend with negative slope in frequency, suggesting a small amount of positioning error remains in the data. This small displacement was estimated using the process described in Section III-C: The linear fit used to estimate is shown in Fig. 9 (top) along with the phase . The slope of was used in (21) , resulting in the estimate m for the displacement error. Applying the phase correction factor to the measured data removes the influence of the displacement error, resulting in the detrended phase shown in Fig. 9 (bottom) .
After the phase correction, the analysis proceeds to Step 4; applying the parametric method from Section III-D to the measured data in Fig. 8 , resulting in the vector of Lorentz parameters and corresponding refractive index vector for the lactose sample. The resulting complex refractive index vector recovered from reflection measurements is compared to the transmission result ( from Fig. 7) in Fig. 10 . While the resonant strengths and widths of the lowest three modes appear to differ between and , their spectral locations appear to be consistent. This is verified by the difference values between Lorentz parameters in and shown in Table I, which shows varying by less than 5 GHz for these three modes. These results are consistent with the observations from Section IV-A that suggest the relative robustness of the parametric method's ability to provide good estimates of spectral locations of the resonant modes in comparison to the other Lorentz parameters. Table I also shows the percent difference in the resonant frequency of the lowest three modes estimated parametrically in reflection to the corresponding values estimated in transmission. The values are within 0.4% of each other, indicating consistency between the values of estimated in transmission and reflection. Accuracy in estimated Lorentz parameters appears to also be associated with increasing strength of the resonant mode.
V. SENSITIVITY ANALYSIS
In this section, simulated reflection data are used to evaluate the effects of system noise on estimated Lorentz parameters. The ability of the parametric method to determine sample thickness from reflection mode data is then tested. Fig. 11 . Complex refractive index corresponding to Lorentz parameters for C4 [15] . The six modes are shown by the dashed vertical arrows.
A. Effect of System Noise
Complex refractive index data for C4 explosive was generated using the Lorentz model (1) and the parameters from Yamamoto [15] and is shown in Fig. 11 . This complex refractive index was then used in (19) assuming and a thickness of mm to generate synthetic, noiseless reflection data. System noise was assumed to be a zero-mean Gaussian random process with uniformly distributed phase. This was modeled in the frequency domain as an ensemble of random phasors (26) where the amplitude and phase are random variables with and . The standard deviation of the phasor amplitude was varied to adjust the SNR of the simulated data, relative to a unit amplitude reference spectrum (27) Differing levels of complex system noise were then added to the noiseless synthetic data to generate simulated noisy data with varying SNR.
The parametric method was then used to estimate the Lorentz parameters from 500 realizations of simulated noisy data at 10, 20, 30, and 40 dB SNR. The mean and standard deviation of each parameter was calculated over the ensemble of 500 realizations to quantify the effect of noise on the precision and accuracy of the estimates. For C4, mode 1 with constitutes the strongest resonance, while mode 2 with Table II shows the absolute difference between the mean estimated resonant frequency and the correct values for both of these modes . For the "worst case" of 10 dB SNR, the difference in resonant frequency of the first mode was 6.120 21.96 GHz from the correct value. In contrast, the same result for the weaker second mode, was 12.52 149.0 GHz from the correct value. The greater precision and accuracy in the estimate of is to be expected, given that the first resonance dominates the spectrum, as shown in Fig. 11 . However, even for the worst case of 10 dB SNR, the mean estimate of was within 13 GHz of the correct value of 1.065 THz, a difference of less than 1.2%.
While better SNR will increase performance for any technique, these results suggest the inclusion of a priori information in the form of a stored library of Lorentz parameters makes the parametric approach effective in the presence of noise if given enough measurements to mitigate the effects of low SNR. This also implies a matched filter-like approach to material classification in which measured spectra are tested against a database of Lorentz parameters of known materials. If the incorrect number of resonances is assumed (i.e., the wrong material in the database is tested for), the resulting error between the model and the measured data will likely be high enough to indicate a mismatch. Conversely, the error will likely be minimized if the correct number of resonances (correct material in database) is tested for. In a real-world system, a tradeoff may be necessary between the number of measurements (increased measurement time) and convergence to a useful solution.
B. Effect of Thickness Error
The parametric approach of Section III-D can also potentially be applied when the sample thickness is unknown. While a similar process was recently demonstrated in transmission mode [14] , it has yet to be applied in reflection mode. The feasibility of this process was tested using the simulated noiseless reflection response from a 1.5 mm thick C4 sample used in Section V-A. The parametric method was used to estimate the Lorentz parameters given a range of thicknesses perturbed from 15 to 10% of the correct value. For each perturbed thickness, the resulting thickness estimate was compared to the correct thickness. Fig. 12 shows the comparison in terms of the percent error in estimated thickness. The large variations in error percentage are best visualized in a logarithmic scale. Fig. 12 shows the algorithm was able to correct thickness errors that deviate from the correct value by 11 to 7%, bringing them to less than 0.02% of the correct value. Outside of this range, the numerical optimization routine used in implementing the parametric method converges to local minima distinct from the correct value (global Fig. 12 . Effect of error in assumed sample thickness on resulting estimated sample thickness. Error in assumed thickness ranged from 015% to 10% of correct value. Note the error is undefined on a log scale when the percent difference in initial guess thickness is 0. minimum). This suggests exact knowledge of the correct sample thickness is not critical for the parametric method to estimate the sample thickness in reflection, eliminating the need for the use of the total variation method from Section III-B.
VI. CONCLUSION
In practical scenarios, THz reflection spectroscopy measurements may be affected by multiple reflections from sample boundaries and/or thin layers of target material, resulting in interference fringes in the measured spectra. Most work to date in identifying layered materials from reflection measurements has ignored these effects, either using samples with layers that were sufficiently optically thick that reflected THz pulses did not overlap in the time domain, or using time gating to isolate the returned pulses. However, little attention has been paid to the case of optically thin layers, from which reflected THz pulses cannot be separated in time and for which the etalon effect cannot be ignored.
This paper established the utility of a parametric material parameter estimation technique for reflection spectroscopy. The parametric method was first validated by comparison to results from a conventional non-parametric method applied to the same transmission mode data. The parametric method was then tested on reflection data from the same sample as was used in the transmission measurements, yielding consistent refractive index curves and comparable estimates of the spectral locations of Lactose absorption features. Simulated data was then used to evaluate the parametric method's performance in the presence of varying levels of system noise. For 500 realizations at the lowest SNR level tested (10 dB), the average estimate of the strongest C4 mode's resonant frequency was found to be 6.120 GHz from the correct value of approximately 807 GHz (within 0.76%) with a standard deviation of less than 22 GHz (2.5%). Under the same conditions, the average estimate of the weakest C4 mode's spectral location 1.07 THz was found to be within 13 GHz (1.2%) with a standard deviation of less than 70 GHz (6.6%). Finally, the parametric method was found to be able to generate reliable estimates of sample thickness provided reasonable initial estimates (within 7% of the correct thickness) were available. These results imply the potential utility of model-based parametric methods for future use in material classification algorithms based on estimated Lorentz parameters.
